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Goal:
Develop a systematic framework for W-algebras of:

@ Quantum groups,
@ Quantum affine algebras (g-deformed vertex algebras),

@ Quantum toroidal algebras (not discussed today...).

Talk outline:

o Deformed and affine Lie theoretic structures,

o Cluster algebras and quiver realisations,

W-algebras and Quantum Hamiltonian Reduction,

New framework for g-deformed W-algebras.
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The Lie Theoretic Landscape

Let us start with a Lie algebra g (complex, semisimple).

Example:
Consider the Lie algebra g = sl(C). This is generated by e, h, f with Lie brackets:

[h, €] = 2e [h, f] = —2f [e,f] = h.

If we allow products of generators, this gives us the enveloping algebra U(sl>).

To move beyond classical Lie theory...

Lie algebra g affinise g Affine Lie algebra
Enveloping algebra U(g) V¥(g) Vertex algebra
deformJ Jdeform
Quantum group Uq(g) ————— Uq(B) Quantum affine algebra
affinise (Deformed vertex algebra)
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Affinisation and Vertex Algebras

We can affinise our Lie algebra sl to obtain sly.

We replace the generators with a family of ‘modes’ ey, hy, f, for n € Z.

Our non-zero Lie brackets are:

[hm’ e"] = 2em+n [emv f"] = hmin + m6m+n,0k]]-
[hm, fn] = _2fr‘n+n [hm, hn] == 2m6m+n,0k1l

Allowing products of modes gives an affine analogue of an enveloping algebra U(5A[2).

These modes are used to build quantum fields - we define
e(z) = Z ez "t h(z) = Z hoz "t f(z) = Z foz "t
neZ nEZ nez

All other fields are made these three fields and the identity field.

With certain additional structure, these objects form the affine vertex algebra V*(sl).
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Deformations and Quantum Groups

Alternatively, one can deform the Lie algebra sl, (or its enveloping algebra U(sl»)) by a
parameter q.
This gives the quantum group Uq(sl).

To write the relations in a more compact way, we will denote the deformed generators
by
e— xT, fr—x, hl—>1/)i1.

The quantum group is generated by x*, 1, ¥~ with relations
i T e B

,q—17

Taking g — 1 recovers usual sl, and U(sl2).
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Quantum Affine Algebras (g-Deformed Vertex Algebras)

Alternatively deforming and affinising gives the quantum affine algebra Uq(s/;E), also
known as a deformed vertex algebra.

This is generated by fields x*(z), x~(z) and ¥*(z) with relations

)] — 0. (2o (w) — ST W)
(), vl = 0, v () (w) = LT w (W) (2,

(2 (w) = G(a™°z/w) " xF (W) (2),  wgve = ve =1,
P (2)xF (w) = G(gT°z/w) = xF (w)w ™ (2),
(z— qizw) xi(z)xi(w) = (qi2z —w)x (W)xi(z),

[ (2),x~ (w)] =  (5(a752/ w0 (2 w) — 8(q"2/w)v ™ (a7/*w)).

g—q!

where we have the structure function

G(z):q2i

Restricting to only zero modes recovers the quantum group Uq(sl2).
Taking the limit g — 1 recovers the vertex algebra V*(sl).

Doing both recovers sl and U(sl,).
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Deformed Vertex Algebras - Applications

Where do deformed vertex algebras (and deformed W-algebras) appear?
In physics:

e 4D /5D Supersymmetric Gauge Theory (q-AGT Correspondence)

o Topological string theory
For instance, counting BPS states.

o Integrable Systems
They appear in deformed lattice models, for instance XXZ models.

In mathematics:

o Lie theory
Unify vertex algebras and quantum groups.

o Geometric representation theory
Nakajima quiver varieties and multiplicative Poisson geometry.

o Symmetric polynomials
Macdonald polynomials, Koornwinder polynomials (types B, C), etc.
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Free Field Realisations for Uq(st)

Deformed vertex algebras are very difficult to study directly. Instead we study them
using free field realisations.
This involves writing our generators in terms of free bosons, which are simpler to work

with.
For instance there is the famous AOS free field realisation of Uq(sl2), first determined

in [Awata, Odake, Shiraishi, ‘93].

To write just the f(z) generator...

f(z) = ﬁ( exp<<au - 7) logq + 2 ca \ogz) exp(%)

P e [(k +1)n] + [n]lg" 2" |
xexp(gwa 2" +Zmb Wz +ZOWL"2>

g gl DA L
xexp(zww -3 e - 3 e )

n>0

,:exp<7 sn+(k+2)Eﬂ+2k )\ogq+b \ogz)exp(obéo()
Rt g% [(k + 1)nqC* 9" ¢ [n]q**2r
oo o % o 5 e
PR g [(k +1)n)g~@<t9" 4 [n]g* 2,
" e*”("zw [tk + 2)n] Zﬂ 2n] ’Zo 2n][(k + 2)n] o))

Messy!
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Cleaning up the mess...

Goal:
Understand the structure underlying free field realisations of Uq(g).

So how do we deal with this mess?

The goal is to find a special, finite set of fields { Y;(z) }, which we call cluster fields.
These fields generate a (chiral quantum) cluster algebra.

A similar approach was used for oscillator realisations of quantum groups Uq(g) in
[Berenstein, Zelevinsky, '05].

For deformed vertex algebras, such a formulation is being worked on by [Bernshtein,
Bourgine, Shiraishi].

Next:
What are cluster algebras?
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Cluster Algebras - Nodes

Each cluster field Y(z) has a node type, determined by its self-relation (self-OPE):

1z, w)re_i(z,w)™ (unfrozen
oY) - {90 (zw) po1(z,w) ™" (unfrozen)

g psi(z,w) ! (frozen of type +/-)
where we introduce the structure function:
q"z—q "w
Z,w)= —-— "
¢n(z, w) —"
Shortly, we will represent each Y;i(z) with a node in a quiver diagram, so:
@ Frozen nodes are boxes,

@ Unfrozen nodes are ellipses.
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Cluster Algebras - Arrows

Next we can consider the relations between different cluster fields Y;(z) and Yj(z).
There are many permitted types of relations between our cluster fields.
Graphically, we indicate these by drawing labelled arrows between the nodes.

For instance a plain arrow Y; = Y;, with a label o corresponds to the relations:

Yi(2)Yi(2) = por(zaw),  Yi(2)Yiw) = pa(z.0” w).

Definition
A collection of fields { Y;(z) }, which satisfy the aforementioned relations, is called a
chiral quantum cluster algebra.
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Example - Uq(s/[;)

For instance, with Uqy(sl2) we introduce the following cluster fields:

Yo(Z) = —q*% . eQb*chfng—Jé’fJg . 0 éqn(Jg <) oS0 ® g _]b+q—nJC)7
Yl(Z) = —q1+2J0 ezn>0 n (q *q_")_/_nez,»o (q 7q—n)Jr:
Ys(z) = _ gl K+ 2K 12)S
S D B (L A Vi e e e SO Vil |
« @2n>0 %[q_"(q(K+2)n7q_<K+2)n)J"7’—(q(K+1)n7q—(K+1)n)Jﬁ+(17q_2(K+2)")J2],
Ys(z) = _q_% : e—Ob+Oc ¢7_2Jg_ZJ‘é’_J‘gzjlg""Jlg . @20 R I Ll O B el C e e O Vil
“q"(Up+d5)

This will allow us to visualise everything using an elegant quiver diagram.
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Cluster Algebras - Generators

How can we reobtain the generators e(z), f(z), ¥*(2)?

Consider the paths P; and P2, shown below.

For each path, the telescopic sums give us the 'root vector’ fields:
Pi: p le(z) = Yo(z) + :Yo(2) Ya(2):,
Po: p H(2) = Ya(g "2) + :Ya(q K 2) Ya(2):.

where p™t = (g — g7 ).
For each path, the products give us the 'Cartan’ fields:

P 7 (q"%2) = —:Yo(2) Ya(2) Ya(2):,
Poi ¥ (q"%2) = —:Ya(q "2) Va(2) Yo(q" 2):.
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Cluster Algebras - What do they give us?

This cluster algebra formulation is extremely powerful!
It is entirely equivalent to the messy free field realisation.

From this quiver one can read off the generators, relations, characters for certain
modules, screening operators and more!

Cluster Algebras for Quantum Groups
Such cluster algebra realisations also exist for quantum groups.

Everything said so far (and all upcoming results) have quantum group analogues.
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W-Algebras

Goal:
Take an enveloping algebra U(g) or affine vertex algebra V¥(g) and enforce constraints
to ‘kill' some subset of the generators.

This is achieved via a process called quantum hamiltonian reduction (QHR).

It enforces the constraints using BRST cohomology.

When applied to U(g), the resulting object is called a finite W-algebra.
When applied to V¥(g), the result is another VOA called an affine W-algebra.

Example:
For V¥(sl2), we have generators e(z), h(z), f(z).
We can enforce the constraint e(z) = 1.

Computing the BRST cohomology here produces a W-algebra isomorphic to the
universal Virasoro vertex algebra W*(sl, ) 22 Vir®.
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Deformed W-Algebras - What is known?

Consider a quantum group Uq(g) or g-deformed vertex algebra Uq(g).

We want to enforce analogous similar constraints on these objects.
The result should be a deformed (finite/affine) W-algebra.

The following are known examples
@ The principal deformed W-algebras W, v (type A) [Awata, et al, ‘96].

This includes the g-Virasoro algebra [Shiraishi, et al, ‘95].
@ The g-Bershadsky-Polyakov algebra [Harada, 20].
o Deformed N = 2 superconformal algebra [Batista, et al, ‘906] [Awata, et al, ‘25].
These have largely been ‘brute forced’ using techniques specific to each case.

Our work aims to develop a framework for constructing and studying deformed
W-algebras.
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Deformed Quantum Hamiltonian Reduction

Suppose we want to perform the reduction Uq(s/[;) — Virq, enforcing e(z) = 1.
The aim is to isolate then remove the gauged field:

o Step 1 - Mutate
Perform operations on the quiver called mutations so e(z) becomes a single node.

o Step 2 - Identify nodes .
Determine which nodes can be modified so the quiver is still Ug(sl2).

o Step 3 - Modify Nodes
Modify nodes so interactions with e(z) are removed.

o Step 4 - Decouple and project the gauged node
Decouple the node for e(z) and project it away.

The resulting quiver corresponds to the deformed W-algebra.
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Step 1 - Mutate the Quiver

Step 1:
Mutate the quiver so the gauged fields each correspond to a single frozen node (i.e.

path of length 1).
_—

q &

Now the field being gauged corresponds to a single free field e(z) = Yo(z).

€l

Theorem ( )

The mutated quiver corresponds to a cluster algebra giving a new free field realisation
of Uqg(sl2).
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Step 2 - Identify Nodes

It will be helpful to redraw our quiver.

Step 2:
| won't discuss how to identify which nodes to modify — this is technical.

The result is that:
o We must modify nodes Yy and Y3,

@ Y1 corresponds to a special ‘screening operator’ that Yy should always interact
with.
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Step 3 - Modify Nodes
Step 3:
Now we:

e Modify Yo(z), Y3(z) with a free field factor.

@ Leave Yi(z) and Y>(z) are unchanged.

This modification must cancel all arrows with e(z) = Yy(z), except those between
Yo(z) and Yi(z2).

The new quiver (with new nodes Xi(z)) is shown below.

g3, o a1+’
1 1
v |
1 1
L L
1 1
XO‘ er ) { X2 I ‘X3
q1 a3 a3
Some things to note:

o Despite this modification, our quiver still encodes Uq(g[Z).
@ The generators e(z), f(z) can no longer be reconstructed from paths.
@ However e(z) is still encoded by Xy (just modified by a factor).

Ethan Fursman
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Intermediate Result - Inverse Reduction

Miraculously, this gives the inverse quantum hamiltonian reduction (IQHR).

Theorem ( )

There is an embedding iH of deformed vertex algebras Uq(s/[;) — Virg ®@ H, where H is
a deformed Heisenberg algebra, so

'e(z) = Gi(2),
1f(qsz) A(z)T(2) + B(2),
¥ (q%2) = :Gi(2) Go(2):,

P (q7%2) = :Gi(2) Ga(2) Ga(2):-

where T(z) is the generator of Virq and A(z), B(z), Gi(z) all commute with T(z).

Theorem ( )
In the q — 1 limit, this recovers the IQHR embedding of [Semihkatov, ‘94], where

e(z) — e(2)

f(z) = :(k+2)e (2)T(z) — (k+1)e"(z)9a(z) — e”“(2)a(z)a(z):
h(z) — 2b(z)
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Step 4 (Part 1) - Decouple the Gauged Node

The node Xp(z) is a rescaled copy of e(z).

To enforce e(z) = 1, all other fields should have trivial relations with it.

Step 4 (part 1):

Now we ‘split’ the node Xi1(z): this breaks the quiver into pieces.

q3,'+' q1.-
1
q3,’- II‘| l“| . .+
N Y , v \ ¥
\
Y; V! V! M
v, ', ', 1
\

E__
Q
25|
£
L
Re!
E__

a3 a3
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Step 4 (Part 2) - Projection

Step 4 (part 2): Projecting away the subquiver containing the gauged node leaves the
quiver shown below.

qu, - qu q '+

X{’)\  Xo ] JX§+)
q3 a3

Theorem ( )

If m denotes the projection given above, then qH = 7 o iHl computes the reduction
qH(Uq(s2)) & Virg.

This process can be made rigorous using the relationship between cluster algebras and
screening operators.

This builds on work in the non-deformed setting [Genra, ‘16] [Fehily, ‘21].
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Higher Rank Examples

This process works far more generally, beyond just Uq(g[;).

In the next natural example, we can consider the W-algebras of V*(sl3).

V (5[3

QHR<} )IQHR

BPX

QHR
QHR\L IQHR
W

Here there W-algebras are
@ The Bershadsky-Polyakov algebra BPX,
@ The Zamolodchikov algebra W5.

As another example, consider the deformed reduction BPq — W3 4.
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Deformed Bershadsky-Polyakov Algebra

A free field realisation for BP, was first determined in [Harada, ‘22].

Theorem ( )

There is a free field realisation of BP, encoded by the cluster algebra whose quiver
realisation is shown below.

ﬁ q‘
(V. ) Ys
a a

Performing the first 3 steps of our procedure produces the quiver below, which gives
the inverse reduction embedding.

q1’- '+

W] a1 q1 A

1 1
Y' Y'
V! V!

(—) ()
q3 4

| (X0) (X)) (X:)
q3 a3
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Deformed Reduction of BP

From step 3, we have:

Q- Q'+
N q1 q1 N
1 1
Y' Y'
V! V!
XK (X1 ) (X, ) (X3) e (+)
0 qi a3 a3 a3 4

Performing step 4 of the reduction procedure gives the quiver for the deformed
Zamolodchikov algebra W3 4.

qi, - qu q1 q '+
xO] Ix)z\ Ix)? X
q3 a3

q3

Theorem ( )

This procedure computes the deformed reduction qH(BPg) = W5 4.
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Future Directions

Our results:
@ A procedure in the deformed setting which can give:

e Quantum hamiltonian reductions (QHR),
e Inverse quantum hamiltonian reductions (IQHR),
o Cosets.

o New free field realisations for known W-algebras, (and new cluster algebra
descriptions).

o Constructions of new W-algebras (subregular type A, with more to come).

Future directions:
o Generalise: higher rank, Lie algebras of other classical type, Lie superalgebras.

o Consider the corresponding QHR and IQHR functors.
New tools for representation theory of quantum groups and deformed vertex

algebras?

Thank you for listening!

Ethan Fursman Quiver Realisations of Deformed W-Algebras



