Entanglement, Generalised Symmetries and
Boundary Conformal Field Theory

Jared Heymann
February 11, 2025 THEU

RSITY OF

MELBOURNE

University of Melbourne
The 2025 ANZAMP Meeting

Heymann, Quella: arXiv:2409.02315



What to remember?

e Representation theory of boundary condition changing
operators is different than bulk local operators for
non-invertible symmetries

e Implications for symmetry resolution with respect to

non—invertible Symmetries [Heymann, Quella, 2024] [Choi, Rayhaun, Zheng, 2024]

e Differs from previous work in SREE (saura-Bastida et al., 2024]

Overview
e Generalised Symmetries
e Entanglement/boundary conformal field theory

e Entanglement + (non-invertible) symmetries — non-invertible
symmetry-resolved entanglement entropy (SREE) in 1+1d
CFTs 2



Generalised Symmetries



Standard Symmetries

Act on Hilbert space (constant time slice in space-time)
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We will be considering self-dual defects, so there will be no
orientation labels on our lines



Generalised Symmetries

Topological operators [caiotto, Kapustin, Seiberg, Willet, 2016]
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Mathematical Structure of Symmetries

Fusion categories
In 1+ 1d, finite symmetries are described by fusion categories

(fusion higher categories for higher dimensions)

F-moves (multiplicity free case NS, < 1)



Verlinde lines

Non-invertible symmetries called Verlinde lines exist in the simplest
class of CFTs (rational CFTs with diagonal modular invariant)

[Petkova, Zuber, 2000]

The Verlinde lines form a representation of the fusion ring
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N5, are the CFT fusion coefficients



Entanglement



Entanglement measures

e Fundamental part of quantum physics

e Detecting phenomena/phases [afiorencie, 2015, If we start with a
lattice model, what is the corresponding field theory? For
CFTs

Szglnﬁ—i—...

Lets you extract the central charge ¢ of a CFT from the

ground State' [Holzey, Larson, Wilczek, 1994] [Calabrese, Cardy, 2008]
° Numerical methOdS [Schollwack, 2011] [Haegeman, Verstraete, 2016]

e Tensor networks [Cirac et al., 2020]



Bipartite entanglement entropy

A B

Start with a Hilbert space H and density matrix of the ground
state p and construct the reduced density matrix
H=Ha®Hp
PA=1trgp
Rényi entropies (entanglement entropy is n — 1)

1 tr p7)
Sp = In —PA ,
1—n " (trpa)"

S5 =— tr(pA In PA)



Bipartite entanglement entropy and BCFT

Important “physics at the entangling surface” [Tachikawa, Ohmori, 2014]

H—HxHs
H="Hpaa®Hp.ab

Bipartite geometries can be mapped to an annulus/BCFT (cawy, 2016]
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Conformal field theory (CFT)

Virasoro Algebra
In 1 + 1d the generators of conformal symmetry form an infinite

dimensional algebra

C
[er Ln] = (m = n)Lm+n -+ E(/’rl3 — m)(5m+n70

c is the central charge of the theory

CFT on the upper half plane

Conformal Map a b
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Boundary conformal field theory (BCFT)
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open string
This is the Cardy condition. The character x,(q) counts states in

the open string Hilbert space. |a, b) are states in the bulk CFT

—2m/W is the modular parameter) 1

[Cardy,1989] (q =€



Cardy States and Verlinde lines

For CFT with diagonal modular invariant, there always exist the
so-called Cardy states. The Cardy states form the regular module

category over the Verlinde lines

La|b) = P N3, |c)

e NS, are the CFT fusion coefficients

e We will only consider symmetries generated by (a subset of)

Verlinde lines, and Cardy states as boundaries

e Boundaries and Verlinde lines share the same set of labels

12



Summary: BCFT <— Entanglement Entropy

Reduced density matrix

qLo—C/24

A= Zab(q)

Hamiltonians and Spectrum
open string hamiltonian +— entanglement hamiltonian (—In pa)

open string spectrum <— entanglement spectrum

Symmetry-resolving the entanglement entropy is (essentially)

equivalent to symmetry-resolving the open string spectrum
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Symmetry-resolved entanglement
entropy (SREE)




Density matrix sectors

Have some symmetry C; determine the contribution of different
symmetry sectors to the entanglement entropy.

PA = @ PA,r

relrreps(C)

Symmetry-resolved Rényi entropies

s 1 In trfph 1 . tr(p} ,)
" 1—n o (trMepa)”  1—n (trpa,)”

symmetry-resolved entanglement entropy obtained for n — 1
Sl,r = —trpar In PA,r
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SREE: Asymptotic Limit

Asymptotic limit (g — 1)
qL07C/24
Zab(q) ’

Projectors are linear combinations of symmetry operators Ly

pa= trpa < (al0) (0]b) e"/12, g = &2/

tr Lapa =
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SREE: Asymptotic Limit

Asymptotic limit (g — 1)

qLo*C/24 g1 < | >< | > we /12 272w
PA= —— , trpa '~ (a|0)(0|b) e , g=¢e "
Zap(q)
Projectors are linear combinations of symmetry operators Ly
(a| (al
d 1 :
tl’,cdpA = a b = d = dd1 1
|b) |b)

Assuming unique vacuum in bulk CFT, the untwisted sector
(d = 1) dominates in the asymptotic limit. The coefficient of the
identity defect in a projector appears as a factor in the asymptotic

.. 15
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Constructing Projectors

Finite Group [Kusuki, Murciano, Ooguri, Pal,2023]

r 1 ()
Projector : M, = X‘((”) Z x-(g)U(g)
geiG

2 1
Limit :  trll,pa ~ Xfé)<a|o><0|b> e"e/12
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Constructing Projectors

Finite Group [Kusuki, Murciano, Ooguri, Pal,2023]

; xr(1 ——
Projector : n, = ‘((;|) Z xr(g)U(g)
geiG
2 1
Limit :  trll,pa ~ X’((;)(a|0)(0|b> e"e/12

Categorical symmetry
Focus on constructing projectors onto each conformal tower

trpa = Z N‘;er(q) ) tr Prpa = N,ngr(q)

For general case, using the SymTFT framework, see [choi, Rayhaun, Zheng,

2024].
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Constructing Projectors

Set up

e Consider Verlinde lines acting on Cardy states (regular
module)

e All objects are self-dual

e States in BCFT correspond to boundary condition changing
operators

Conformal Map a b
_—
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Action of defects

For defect d to topologically terminate on boundary b must have
b € b x d (and similar for boundary a). Action of defects [kojia,

Maccaferri, Masuda, Schnabl, 2016]
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Action of defects

For defect d to topologically terminate on boundary b must have
b € b x d (and similar for boundary a). Action of defects [kojia,

Maccaferri, Masuda, Schnabl, 2016]

Fusion rules in the presence of boundaries are modified. I\Nlﬁf,’b]e can

be non—integral [Kojita, Maccaferri, Masuda, Schnabl, 2016]
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BCFT Projectors

Open string partition function

trpa= > Niyxn(q)
h

The projector

1

Pr: g Fls[a a]Fsr[a b]£s
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implements
tr Prpa = Napxr(q)
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Asymptotic Limit

1 dy
dadp
Quantum dimension d, can be defined by £, |0) = d, |0)

tr Prpa I~ (a]0) (0|b) e"</12
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Asymptotic Limit

1 dy
dadp
Quantum dimension d, can be defined by £, |0) = d, |0)

tr Popp '~ (a]0) (0|b) e"</12

|a) = |b) are Tambara-Yamagami defects

For abelian group G, a x a = dec.;g

tr Prpa ~ — (a|0) (0|b) e"</12

1
|G
What about categorical symmetries?

Recent literature looked at the Fibonacci symmetry in the

tricritical Ising model, so let's compare [saura-Bastida et al., 2024]
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Fibonacci Category
C={1,w},

Example: Tricritial Ising Model and Fibonnaci

WxW=1+W

In tricritical Ising BCFT, boundary fusion of W defect

(v =(1++5)/2)

1 1
Lw X Lw=—-L1+2""rw
@ ¥

This is different than the bulk fusion rules! Suggests that the
pure-bulk approach used in [saura-Bastida et al. 2024] iS inconsistent
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Where are the boundaries!?

Cardy states in tricritical Ising

M ={1,n,N,W,nW,NW}

Can consider different combinations of boundaries from M i.e.

a,be {W,nW,NW} — the projectors seem to remain unchanged?

1
M = 1+p(£1+4pﬁw)
My = ———{(/E5 = /2
w 1+,9(1 w)

We have verified appropriate cases numerically by simulating
critical anyonic chains [reiguin et al., 2006]
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Summary

e Symmetry-resolved entanglement entropy for Verlinde lines in
141d CFTs

e Representation theory of boundary condition changing
operators differs for non-invertible symmetries

Future

e How do boundary fusion rules manifest themselves/or
modified in alternative geometries in lattice models — half
infinite chain?

e In Fibonacci/tricritical Ising example, the projectors did not
depend on the choice of boundary; is this a general result or
highly specific to this model?
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