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Introduction



Quantum Rabi model (QRM)

QRM Hamiltonian

HR = ωa†a +
∆

2
σz + gσx

(
a† + a

)

• A two level system (TLS) interacts with a single mode field.

• a†, a: creation and annihilation operators.

• σx ,y ,z : standard Pauli matrices for spin 1
2 .

• ω: field frequency; ∆: level gap of TLS.

• Parity operator P = −σze iπa
†a: parity of excitation numbers

• Parity (Z2) symmetry: P†HRP = HR.

I. I. Rabi, Phys. Rev. 49, 324 (1936).
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Experimental realizations

cavity QED circuit QED

QED - quantum electrodynamics

N. K. Langford, Circuit QED - Lecture Notes, arXiv:1310.1897
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Theoretical progress

Approximations: each tailored to a specific parameter regime

• rotating-wave approximation1: counter-rotating terms neglected

• adiabatic approximation2: atomic term as a perturbation

• GRWA, GVM, VVP, many more...

Exact solutions: regular and exceptional eigenvalues

• Regular: determined by zeros of transcendental functions

• Exceptional: constraint polynomials of system parameters

1
E. Jaynes and F. Cummings, Proc. IEEE 51, 89 (1963).

2
E. K. Irish et al, Phys. Rev. B 72, 195410 (2005).
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Regular spectrum - transcendental functions

The transcendental functions are123

G (x) = ∆2R̄+(x)R̄−(x)− R+(x)R−(x)

with

R±(x)=
∑∞

n=0 K
±
n (x)( g

ω )
n
, R̄±(x)=

∑∞
n=0

K±n (x)
x−nω ( g

ω )
n
.

nK±n =f ±n−1(x)K±n−1−K
±
n−2, K±0 =1, K±1 =f ±0 (x).

f ±n (x)= 2g
ω

+ 1
2g

(
nω−x+ ∆2

x−nω

)
.

The eigenvalues are

En = xn −
g2

ω
.

1
D. Braak, Phys. Rev. Lett. 107, 100401 (2011).

2
Q.-H. Chen et al, Phys. Rev. A 86, 023822 (2012).

3
H. Zhong et al, J. Phys. A: Math. Theor. 46, 415302 (2013).
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Exceptional spectrum - constraint polynomials

At the poles of G (x), there are polynomial solutions with eigenvalues En = n − g2

ω ,

corresponding to level crossings
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Adiabatic approximation



Displaced oscillator basis

QRM Hamiltonian

H =
∆

2
σz + ωa†a + gσx

(
a† + a

)
Displaced oscillator

Hdo = ωa†a + gσx
(
a† + a

)
= ω

[(
a† +

g

ω
σx

)(
a +

g

ω
σx

)]
− g2

ω

Eigenstates and eigenvalues

ψdo
n,± = |n±,±〉 = exp[∓g(a† − a)/ω]|n〉 ⊗ |±〉

Edo
n,± = nω − g2

ω
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Displaced oscillator basis

Displaced oscillator

Hdo = ωa†a + gσx
(
a† + a

)
= ω

[(
a† +

g

ω
σx

)(
a +

g

ω
σx

)]
− g2

ω
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Adiabatic approximation to the QRM

For ∆/ω � 1, the remote tunneling is negligible.

In displaced oscillator basis, the QRM is block diagonalized as

HAA
n =

(
Edo
n,+

∆
2 〈n−|n+〉

∆
2 〈n−|n+〉 Edo

n,−

)
,

Eigenvalues

EAA
n,± = nω − g2

ω
± ΩAA

n ,

with tunneling terms

ΩAA
n =

∆

2
exp

[
−2α2

]
Ln
(
4α2
)
, α =

g

ω
.
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Pros and cons of adiabatic approximation

Advantages:

• The expression for eigenvalues is simple.

• The overall “ripple” structure of the spectrum is well approximated.

Disadvantages:

• The adiabatic approximation is only valid in the perturbative regime ∆/ω � 1.

• Unphysical crossings appear when ∆/ω > 1.

• Level crossings are determined by zeros of Laguerre polynomials Ln(4g2), which

are not exact unless ∆ = 0.
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Generalized adiabatic approximation



Aims

We address the two problems in the adiabatic approximation:

• Validity regime

• Inaccurate level crossings
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Exact exceptional solutions

We recall the recurrence relation for the constraint polynomials of the QRM

Pn
0 (g ,∆) = 1, Pn

1 (g ,∆) = 4g2 +
∆2

4
− ω2,

Pn
k (g ,∆) =

(
4kg2 +

∆2

4
− k2ω2

)
Pn
k−1(g ,∆)

− 4k(k − 1)(n − k + 1)g2Pn
k−2(g ,∆).

The polynomials Pn
n (g ,∆) then determine the degenerate points of the nth pair of

levels in the QRM.

The exact exceptional solutions exist in various light-matter interaction models!

From now on, we set ω = 1 for simplicity.
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Constraint polynomials VS Laguerre polynomials

Normalized constraint polynomials

Kn(g ,∆) =
Pn
n (g ,∆)

Pn
n (0, 0)

Connection with Laguerre polynomials Ln

Kn(g , 0) = Ln(4g2)

n Laguerre polynomials Ln(4g2) Normalized constraint polynomials Kn(g ,∆)

0 1 1

1 1− 4g2 1− 4g2 − ∆2

4

2 1− 8g2 + 8g4 1− 8g2 + 8g4 − 5∆2

16
+

3∆2g2

4
+

∆4

64

Table 1: The first few Laguerre polynomials and normalized constraint polynomials.
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Generalized adiabatic approximation (GAA)

Eigenvalues

EGAA
n,± = nω − g2

ω
± ΩGAA

n ,

with tunneling terms

ΩGAA
n =

∆

2
exp

[
−2α2

n

]
Kn (g ,∆) , α2

n = g2 − ∆2

16 n
√
n!
.
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Energy spectrum against g
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Energy spectrum against g
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Application: asymmetric quantum Rabi model (AQRM)

AQRM Hamiltonian

HA = ωa†a +
∆

2
σz + gσx

(
a† + a

)
+

ε

2
σx

•
ε

2
σx admits spontaneous transition of the TLS.

• P = −σze iπa
†a: a→ −a, a† → −a†, σx → −σx .

• Parity symmetry broken: P†HAP = ωa†a +
∆

2
σz + gσx

(
a† + a

)
− ε

2
σx .

• NO obvious symmetry.

• Hidden symmetry, when ε = nω
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Energy spectrum of the AQRM

AQRM Hamiltonian

HA = ωa†a +
∆

2
σz + gσx(a† + a) +

ε

2
σx .
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Energy landscape and conical intersections (CIs)

AQRM Hamiltonian

HA = ωa†a +
∆

2
σz + gσx(a† + a) +

ε

2
σx .

Energy spectrum of the AQRM with

∆/ω = 1.

Conical intersections (CIs) emerge only

when ε takes integer values.

19



Energy spectrum: AQRM
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Energy spectrum: AQRM
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Energy spectrum: CIs in AQRM

The GAA correctly recover the CIs in the AQRM.

The most elementary cone as an example:

Exact AA GAA
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Summary



Summary

• QRM in displaced oscillator picture

• Adiabatic approximation to the QRM

• The connection between constraint polynomials and Laguerre polynomials

• Generalized adiabatic approximation to the QRM

• A framework to treat light-matter interaction models: AQRM as an example
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