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2D Lattice Models

® Simplify continuous physical systems by putting them on a lattice.
® Return to continuous system by taking the continuum Ilimit.

® Loop models: non-local degrees of freedom.
® Superconformal polymers and percolation.
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® Over- and under-crossings
® Doubled strands:

single strands:
double strands:

logarithmic minimal models

superconformal logarithmic minimal models
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Diagrammatic Algebra

® Tiles on our lattice

XK XAt

® Generators of the fused Temperly-Lieb algebra

2 X XD

® They are 2 x 2 fused operators

spin-§ spin-1
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Loop Fugacity

® Fused |loop fugacity

B2

® \Weighting of loops

Superconformal Polymers: B> =20

Superconformal Percolation: G, =1

® Can directly see the spin of the models from the loop fugacity

fr=a’+1+a72= )T+ @)+ @)

where x is a root of unity.

0-5



Fendley X

® Introduce new operator,

® This new operator can be written in terms of the fused Temperley-Lieb generators
. (a:2—|—a:_2)( +v)_ 1 (f\ n /7)
BECEES 2N 2@t ) LN T L

® Rewrite the algebra in terms of

D A0
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Lattice: Xj, Ej, 1
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Face Operators (braid)

® The face operators in the braid representation

Skein Relation:

Parameters;

X(z) =| # |=wi(?) f + wa(z) + w3(2)
Xj(2) = wi () + wa()B +wa()B L =14 25 (T g # g
J 1 2 J 3 j r— o1\ 2 _ 277 L2 _ .27
\ 1
N (7 T 2 B
B;— Bt
— J J
Bj=1+—75—2%
/_
1 < p < p coprime integers, A= (p ,p)w = Crossing parameter
p
— e 4 = spectral parameter, T = '

A
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Face Operators (Fendley X)

® The face operators in the Fendley X representation

X(uw) =| ¥ =w1(U)J + wo(u) &-I-UB(U)J\

w D A e
in(\—w) sin(@\— inusin(\ INusSin(A—
Xj(u) = wiu)l + wxu) EBj + w3(u) X; = = sinu>)\ 2:2;,\ 1 SIZ:S\IZi(n;;\U) it Slrmssilnn?(/\ 2 )

Fendley X:

A A

N/ 2@+eD f \ T2zt 1)
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Link States

| analogue of this system.

in the quantum mechanica

® Boundary conditions (1,s): # strands = s — 1.

® Link states: states
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Neveu-Schwarz and Ramond

® Link states can be on and even or odd number of nodes

Neveu-Schwarz (even) Ramond (odd)

AN\ ANE A

® Link states in the Neveu-Schwarz (NS) sector, s =1

N =2
£
N =3

AN
DA TN LN

@@ @@ﬁ
CRN., TN, LN

0-11



Riordan Numbers

® NS link states for s = 1 are counted by Riordan numbers, Ry = 1,1,3,6,15,36,...

start at ground level above ground end at ground level
Riordan paths NS link states: s=1
N =2 N =2

1 2 1 1 2 1
N =3 N =3

1 2 21 1 2 2 1
N =4 N =

12121 12321 12 2 21 11232112
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Defects

® \We introduce link states with defects: boundary conditions.

NN EVANGP

® Link states with one defect are on an odd number of nodes

Ramond link states: s =2
N =1

LN A~ O N N

® T hey are counted by Motzkin numbers, My =1,2,4,9,21, ...

LN
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Generalised Riordan Numbers

® Number of NS link states on N nodes with s — 1 defects is given by

A= (), = (i),

where 2k = s — 1, in terms of supertrinomials (spin-1 trinomials)

® Can be written as sums of trinomial coefficients

P (PR ) )
MET S B ==k 3V —i+k),5] T BV —k—1), 3N —j+k+1),5

since

(k’>2 B Z:O [%(n_]_k)aé(n_]—l_k)v]]

J
where

|
[ n ] _ “m!(nﬁl_m)!, [,m,n—1—m € Np
Lym,n—Il—m 0, otherwise

® Number of Ramond link states on N nodes with s — 1 defects is given by generalised
Motzkin humbers, MN’k, where 2k + 1 =s— 1.
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Logarithmic Superconformal Minimal Models

® In the continuum limit, our statistical mechanics models correspond to logarithmic super-
conformal minimal models, a type of conformal field theory (CFT).

® The CFT describes the universal properties of the lattice models.

® Every CFT comes with a set of conformal data.

Conformal Data

central charge
C

conformal weights characters

{AT,S} {XT,S(Q)}

generating function for
conformal energies

logarithmic limit

Rational superconformal > Logarithmic superconformal
minimal models , minimal models
/ M, M"— o0 /
SM(M,M") M_, P LSM(P, P")
M TP/
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Characters

® Characters: generating functions for the conformal energies in the continuum limit.

Neveu-Schwarz: ¢ = 0,2, »r + s even

PP’ . YN s g L AT
Xrs (@) =q 24738770 e, (q)—q2c¢p (@)l = q 227388770 x5 0(q)

where m_ =0,2=r—-smod 4 and my = 0,2 =r+ s mod 4.

Ramond: /=1, r+ s odd

/ 1 P,P’
Xra1(q) = ¢ @Tastars (1

rs. 1 ey 14 APP
—q2)ci(q) =q 2873877 0 1(q)

® In the superconformal case, the string functions cf;,b are related to c :% Ising characters

0 ) g—1/48 [
colq) = c5(q) = 2 (q)
—1/48 |
3@ = B0 = 5
1/24 o<

[Ta+FY2)+ [T - q“/2>]
k=1 k=1

A+ - T (- q“/2>]
k=1 k=1

) = LT[+

(Q)OO k=1
where

(@)oo = H (1-— qk)

k=1

0-17



Finitised Characters

® Properties of finitised characters

N — oo
> character
finitised IV even, odd
character q—1 _  link state

counting

® In the case (r,s) = (1,s) these are
Neveu-Schwarz: s odd, £ = 0,2, N even, odd

N| »

>2<N><q>=§:q”§[ N ]—q [ L 1 ]
1,s,0 = %(N_j_%),%(]\]—j—k%),j . %(N—j—%),%(]\f—j—l-s‘g )5 J q

Ramond: s even, Y =1, N even and odd

Nl w

X(N)(q):ﬁ[:q‘@ [ N ]_q [ 1 ]
1,51 = S(N—j—252), 5(N—j+252), j . S(N—j—252), 5(N—j+542), .

which is written in terms of the g-trinomial

(@n ] _—
[ n ] — {(Q)z(Q)m(Q)nlm’ Lym,n—l—=m € No polynomial
q

Lym,m —1—m 0, otherwise

where
(@n= T (- )
k=1
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Constructing Finitised

Neveu-Schwarz

(V)
XT,S,E

N — o0

>
N even, odd

q— 1

® Ansatz for finitised characters

M) =3 ™ [---]q—q. []q

® Can use these to check the conformal weights A

557“,8,6

R

—1
82 ,N

Characters
N — oo =
X
Ramond N even, odd) T’S’l
~(IV)
XT,S,]. q_> 1 > MSEQ,N

/
Xre o(@) =g

1
St

(@)
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Kac Tables

Superconformal polymers Superconformal percolation
S
31 |1 q]_1|L 15 |5 3 ... 35 43 Ll 3 3 11f
16 2’1 16 2’0 1 2’3 10 4 16’16 1 16’16 0 16’1
4 11| 13 |1 _1]| 13 |4 11| 157 | . 9 |3.2] 25 |1.1| L o0l &
3’6 48 (3’ 6| 48 |3’ 6 48 ’ 2 16 ’ 2 16 ’ 2 16
15 |1 o|_1|1 9|3 |9 4]... g | @ 315 1 |1 7 1 P2315
16 | 2 16| 2’ 16 | 2 4 (16716 4 1614 4 |16’16
1|_1]n 1| 15 5079 | ... 3| 9 1| 1 1| 25
1’2 16 0’2 16 3’2 16 r 2’2 16 0’2 16 1’2 16
13 |_1 1| 13 |11 4| 157 35 19 6 | 1 214 g L 3] ¢ B543
48 6’3 48 6’3 48 |6’ 3 16’16 16’16 16’16
1|_1]q 1|31 9| 111 1 1|1 9 |3 49
0’2 16 1’2 1 4’2 16 5 2’1 16 2’0 16 2’2 16
_ 1|1 | 15 |5 3|79 |I7 g 4 | L [Z_1 1 11523 9 |71 63
16| 2’ 1 27 16 4 16 1 4 |16°16] 4 |16’16
1 _1f 13 |4 11| 157 [19 35| 445 | 3 Lol Ll |lq1]25|73]|8L
3’ 6| 48 |3’6 48 |3’ 6| 48 27 16 | 2? 16 | 2? 16
1 (1 31 9 111 p1 3 11 43 35 DO 107
~16|2:1| 16 |20%4| 76 2011 2 | 0 fg1g 1 616 4 Teite
3| 15 5|79 |g 17| 191 | | 3| 9 |53 49 |g 1L 121
O’2 16 3’2 16 8’2 16 1 O’2 16 2’2 16 5’2 16
1 2 3 4 5 6 r 1 2 3 4 5 6 r
LSEM(1,3) :c= Arse LSEM(2,4) :c= 0, Arse

PP/(q) = q 24—|_48_|_A

7“36

]\}i_rpoo XT,S,g(Q)
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